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Exercise 1
Let Σ be a finite alphabet, and LR1, LR2, LRE1, LRE2 ⊆ Σ∗ be four languages on Σ. LR1 and LR2

are recursive, while LRE1 and LRE2 are recursively enumerable, but not recursive.
1.1) For each of the following languages, state if they are recursive, recursively enumerable, or
none, and motivate your answers:

• L1 = LR1 ∪ LR2;

• L2 = LR1 ∩ LR2;

• L3 = LR1 ∪ LRE1;

• L4 = LR1 ∩ LRE1;

• L5 = LRE1 ∪ LRE2;

• L6 = LRE1 ∩ LRE2.

1.2) State whether the following properties of Turing machines are computable or not, and
motivate your statements:

• P1 = {M : M decides LR1};

• P2 = {M : M decides LRE1};

• P3 = {M : if |x| < 100, then M decides x ∈ LR1 in no more than |x|2 + 1 steps};

• P4 = {M : if |x| < 100, then M decides x ∈ LRE1 in no more than |x|2 + 1 steps}.

Exercise 2
Let L ∈ P be a deterministic polynomial-time language on finite alphabet Σ, and let L′ and L′′

be defined as follows:

• L′ = Σ∗ × L× Σ∗ = {w1w2w3 : w1, w3 ∈ Σ∗ ∧ w2 ∈ L}, the language of all strings on
alphabet Σ that contain a word from L as a substring (contiguous sequence of symbols);

• L′′ = {σ1σ2σ3 . . . σn ∈ Σ∗ : ∃k, i1, i2, . . . ik (0 ≤ k ≤ n ∧ 1 ≤ i1 < i2 < · · · <
ik ≤ n ∧ σi1σi2 . . . σik ∈ L)}, the language of all strings containing a (non necessarily
contiguous) subsequence of symbols that compose a word in L.

For instance, if “cat” ∈ L, then “location” and “catalog” belong to both L′ and L′′, while the
words “decoration” and “croissant” only belong to L′′.
2.1) Discuss the deterministic time complexity of L′ and L′′.
2.2) What about their non-deterministic time complexity?

Exercise 3
State and prove Rice’s theorem about the undecidability of semantic, non-trivial properties of
Turing machines.


